Algebraic curves with collinear Galois points by Fukasawa, Satoru
ar
X
iv
:1
91
0.
02
65
0v
1 
 [m
ath
.A
G]
  7
 O
ct 
20
19
ALGEBRAIC CURVES WITH COLLINEAR GALOIS POINTS
SATORU FUKASAWA
Abstract. A criterion for the existence of a birational embedding into a projec-
tive plane with three collinear Galois points for algebraic curves is presented. The
extendability of an automorphism induced by a Galois point to a linear transfor-
mation of the projective plane is also discussed, under the assumption that two
Galois points exist.
1. Introduction
Let X be a (reduced, irreducible) smooth projective curve over an algebraically
closed field k of characteristic p ≥ 0 and let k(X) be its function field. We consider
a morphism ϕ : X → P2, which is birational onto its image. In this situation,
Hisao Yoshihara introduced the notion of a Galois point. A point P ∈ P2 is called a
Galois point, if the field extension k(ϕ(X))/π∗Pk(P
1) of function fields induced by the
projection πP from P is a Galois extension ([4, 6]). Furthermore, a Galois point P
is said to be inner (resp. outer), if P ∈ ϕ(X) \Sing(ϕ(X)) (resp. if P ∈ P2 \ϕ(X)).
A criterion for the existence of a birational embedding with two Galois points was
described by the present author ([2]). It is a natural problem to find a condition for
the existence of three Galois points (see also [7]). Non-collinear Galois points were
considered in [3]. In this article, (three) collinear Galois points are studied. The
associated Galois group is denoted by GP , when P is a Galois point. The following
criterion is presented.
Theorem 1. Let G1, G2 and G3 ⊂ Aut(X) be finite subgroups of order at least
three, and let P1, P2 and P3 be different points of X. Then, four conditions
(a) X/Gi ∼= P
1 for i = 1, 2, 3,
(b) Gi ∩Gj = {1} for any i, j with i 6= j,
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(c) there exists a divisor D such that D = Pi +
∑
σ∈Gi
σ(Pj) for any i, j with
i 6= j, and
(d) dimΛ ≤ 2, for the smallest sublinear system Λ of |D| such that D,Pi +∑
σ∈Gi
σ(Pi) ∈ Λ for i = 1, 2, 3
are satisfied, if and only if there exists a birational embedding ϕ : X → P2 of degree
|G1| + 1 such that ϕ(P1), ϕ(P2) and ϕ(P3) are three collinear inner Galois points
for ϕ(X) and Gϕ(Pi) = Gi for i = 1, 2, 3.
Theorem 2. Let G1, G2 and G3 ⊂ Aut(X) be finite subgroups, and let Q be a point
of X. Then, four conditions
(a) X/Gi ∼= P
1 for i = 1, 2, 3,
(b) Gi ∩Gj = {1} for any i, j with i 6= j,
(c’) there exists a divisor D such that D =
∑
σ∈Gi
σ(Q) for i = 1, 2, 3, and
(d’) dimΛ ≤ 2, for the smallest sublinear system Λ of |D| such that Λ1∪Λ2∪Λ3 ⊂
Λ, where Λi is the base-point-free linear system induced by the covering map
X → X/Gi ∼= P
1 for i = 1, 2, 3
are satisfied, if and only if there exists a birational embedding ϕ : X → P2 of degree
|G1| and three collinear outer Galois points P1, P2 and P3 exist for ϕ(X) such that
GPi = Gi for i = 1, 2, 3, and P1P2 ∋ ϕ(Q), where P1P2 is the line passing through
P1 and P2.
The uniqueness of the birational embedding constructed in [2] is also proved.
Proposition 1. Assume that the orders of groups G1 and G2 in Facts 1 and 2 are
at least three. Then, a morphism ϕ described in Fact 1 (resp. in Fact 2) is uniquely
determined by a 4-tuple (G1, G2, P1, P2) (resp. by a 3-tupble (G1, G2, Q)), up to a
projective equivalence.
Using (the proof of) this Proposition, the following criterion for the extendability
of an automorphism σ ∈ GP for an inner Galois point P is presented.
Proposition 2. Let degϕ(X) ≥ 4, let ϕ(P1) and ϕ(P2) ∈ ϕ(X) ⊂ P
2 be different
inner Galois points, and let σ ∈ Gϕ(P1) satisfy P3 = σ(P2). Then, there exists
a linear transformation σ˜ of P2 such that ϕ−1 ◦ σ˜ ◦ ϕ = σ, if and only if three
conditions
(a) σ(P1) = P1,
(b) ϕ(P3) is an inner Galois point, and
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(c) σ∗(P3 +
∑
γ∈Gϕ(P3)
γ(P3)) = P2 +
∑
τ∈Gϕ(P2)
τ(P2)
are satisfied.
Corollary 1. Let ϕ(P1), ϕ(P2) and ϕ(P3) be different inner Galois points, and let
σ ∈ Gϕ(P1) satisfy σ(P2) = P3. If ϕ(P1), ϕ(P2) and ϕ(P3) are total inflection points,
then there exists a linear transformation σ˜ of P2 such that ϕ−1 ◦ σ˜ ◦ ϕ = σ.
2. Preliminaries
We recall the criterion presented in [2] for two Galois points.
Fact 1. Let G1 and G2 be finite subgroups of Aut(X) and let P1 and P2 be different
points of X. Then, three conditions
(a) X/Gi ∼= P
1 for i = 1, 2,
(b) G1 ∩G2 = {1}, and
(c) P1 +
∑
σ∈G1
σ(P2) = P2 +
∑
τ∈G2
τ(P1)
are satisfied, if and only if there exists a birational embedding ϕ : X → P2 of degree
|G1| + 1 such that ϕ(P1) and ϕ(P2) are different inner Galois points for ϕ(X) and
Gϕ(Pi) = Gi for i = 1, 2.
Fact 2. Let G1 and G2 be finite subgroups of Aut(X) and let Q be a point of X.
Then, three conditions
(a) X/Gi ∼= P
1 for i = 1, 2,
(b) G1 ∩G2 = {1}, and
(c’)
∑
σ∈G1
σ(Q) =
∑
τ∈G2
τ(Q)
are satisfied, if and only if there exists a birational embedding ϕ : X → P2 of degree
|G1| and two outer Galois points P1 and P2 exist for ϕ(X) such that Gϕ(Pi) = Gi for
i = 1, 2, and P1P2 ∋ Q.
According to [1, Lemma 2.5], the following holds.
Fact 3. Assume that degϕ(X) ≥ 4, and points ϕ(P1) and ϕ(P2) are distinct inner
Galois points for ϕ(X). Then, the line ϕ(P1)ϕ(P2) is different from the tangent line
at ϕ(P1). In particular, σ(P1) 6= P2 for each automorphism σ ∈ Gϕ(P1).
3. Proof of Theorems 1 and 2
Proof of Theorem 1. We consider the if-part. It follows from conditions (a) and (b)
in Fact 1 that conditions (a) and (b) are satisfied. By Fact 1(c), since ϕ(P1), ϕ(P2)
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and ϕ(P3) are collinear Galois points, condition (c) is satisfied. Let Λ
′ ⊂ |D| be
the (base-point-free) linear system induced by ϕ. Since ϕ(Pi) is inner Galois, Pi +∑
σ∈Gi
σ(Pi) ∈ Λ
′, for i = 1, 2, 3. Therefore, dimΛ ≤ 2. Condition (d) is satisfied.
We consider the only-if part. By conditions (a), (b) and (c) and Fact 1, for each
i, j with i 6= j, there exists a birational embedding ϕij : X → P
2 such that ϕij(Pi)
and ϕij(Pj) are inner Galois points for ϕij(X), Gϕij(Pi) = Gi and Gϕij(Pj) = Gj. It
follows from Fact 3 that
G1P1 6= G1P2, and
∑
σ∈G1
σ(P1) 6=
∑
σ∈G1
σ(P2).
Then, by condition (a), there exists a function f ∈ k(X) \ k such that
k(X)G1 = k(f), (f) =
∑
σ∈G1
σ(P1)−
∑
σ∈G1
σ(P2)
(see also [5, III.7.1, III.7.2, III.8.2]). Note that, by condition (c), (f)∞ = D − P1.
Similarly, there exist g, h ∈ k(X) \ k such that
k(X)G2 = k(g), (g) =
∑
τ∈G2
τ(P2)− (D − P2)
and
k(X)G3 = k(h), (h) =
∑
γ∈G3
γ(P3)− (D − P3).
Then, ϕ12 is represented by (f : g : 1) (see [2, Proofs of Proposition 1 and of
Theorem 1]). Let Λ ⊂ |D| be as in condition (d), and let Λ′ ⊂ |D| be the sublinear
system corresponding to 〈f, g, 1〉. Since D, (f) + D, (g) + D ∈ Λ, it follows that
Λ′ ⊂ Λ. By condition (d), Λ′ = Λ. This implies that P3 +
∑
γ∈G3
γ(P3) ∈ Λ
′.
Therefore, h ∈ 〈f, g, 1〉. Since the covering map X → X/G3 is represented by 〈h, 1〉,
this covering map coincides with the projection from some smooth point of ϕ12(X).
Such a center of projection coincides with ϕ12(P3), since the center is determined
by supp(D)∩ supp((h)+D). This implies that ϕ12(P3) is an inner Galois point. By
condition (c), points ϕ12(P1), ϕ12(P2) and ϕ12(P3) are collinear. 
Proof of Theorem 2. We consider the if-part. It follows from conditions (a) and
(b) in Fact 2 that conditions (a) and (b) are satisfied. By Fact 2(c’), since P1, P2
and P3 are collinear outer Galois points, condition (c’) is satisfied. Let Λ
′ ⊂ |D|
be the (base-point-free) linear system induced by ϕ. Since Pi is outer Galois, the
linear system corresponding to X → X/Gi ∼= P
1 is contained in Λ′, for i = 1, 2, 3.
Therefore, dimΛ ≤ 2. Condition (d’) is satisfied.
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We consider the only-if part. By condition (a), there exists a function f ∈ k(X)\k
such that
k(X)G1 = k(f), (f)∞ =
∑
σ∈G1
σ(Q)
(see also [5, III.7.1, III.7.2, III.8.2]). Note that, by condition (c’), (f)∞ = D. The
sublinear system corresponding to 〈1, f〉 ⊂ L(D) coincides with Λ1 ⊂ |D| as in
condition (d’). Similarly, there exist g, h ∈ k(X) \ k such that
k(X)G2 = k(g), k(X)G3 = k(h), and (g)∞ = (h)∞ = D.
Furthermore, the subspaces 〈1, g〉 and 〈1, h〉 correspond to the linear systems Λ2 and
Λ3 as in condition (d’), respectively. Then, by conditions (b) and (c’), the morphism
ϕ represented by (f : g : 1) is birational onto its image and outer Galois points P1
and P2 exist for ϕ(X) such that Gϕ(Pi) = Gi for i = 1, 2 (see [2, Proofs of Proposition
1 and of Theorem 1]). Let Λ ⊂ |D| be as in condition (d’), and let Λ′ ⊂ |D| be the
sublinear system corresponding to 〈f, g, 1〉. Since Λ1,Λ2 ⊂ Λ, it follows that Λ
′ ⊂ Λ.
By condition (d’), Λ′ = Λ. This implies that Λ3 ⊂ Λ
′. Therefore, h ∈ 〈f, g, 1〉. Since
the covering map X → X/G3 is represented by 〈h, 1〉, this covering map coincides
with the projection from some outer point P3 ∈ P
2 \ ϕ(X). Then, P3 is an outer
Galois point. By condition (c’), points P1, P2 and P3 are collinear. 
4. Proof of Propositions 1 and 2
Proof of Proposition 1. We consider inner Galois points. Assume that condition (c)
in Fact 1 is satisfied. Let D := P1 +
∑
σ∈G1
σ(P2) = P2 +
∑
τ∈G2
τ(P1). Note
that, by Fact 3, P1 +
∑
σ∈G1
σ(P1) 6= D and P1 6∈ supp(P2 +
∑
τ∈G2
τ(P2)). The
uniqueness of the linear system corresponding to a birational embedding follows,
since a (base-point-free) linear system Λ ⊂ |D| of dimension two such that
D, P1 +
∑
σ∈G1
σ(P1), P2 +
∑
τ∈G2
τ(P2) ∈ Λ
is uniquely determined.
We consider outer Galois points. Assume that condition (c’) in Fact 2 is satisfied.
Let D :=
∑
σ∈G1
σ(Q) =
∑
τ∈G2
τ(Q), and let Λi be the (base-point-free) linear
system corresponding to the covering map πi : X → X/Gi ∼= P
1 for i = 1, 2. Then,
D ∈ Λi and Λi ⊂ |D|. If π1 and π2 are realized as the projections from different
outer Galois points for a birational embedding ϕ : X → P2, then ϕ is determined by
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a sublinear system Λ ⊂ |D| such that dimΛ = 2 and Λ1∪Λ2 ⊂ Λ, up to a projective
equivalence. Therefore, the uniqueness follows. 
Proof of Proposition 2. Let C := ϕ(X). We consider the only-if part. Assume that
there exists a linear transformation σ˜ of P2 such that ϕ−1 ◦ σ˜ ◦ϕ = σ. For a general
line ℓ ∋ ϕ(P1), C ∩ ℓ contains at least two points (since degC ≥ 3), and σ˜((C ∩ ℓ) \
{ϕ(P1)}) ⊂ ℓ. Since σ˜ is a linear transformation, σ˜(ℓ) = ℓ follows. This implies that
σ˜(ϕ(P1)) = ϕ(P1). Condition (a) is satisfied. Since ϕ(P3) = ϕ(σ(P2)) = σ˜(ϕ(P2)),
condition (b) is satisfied. Since the divisor P2 +
∑
τ∈Gϕ(P2)
τ(P2) corresponds to the
tangent line of ϕ(X) at ϕ(P2), conditions (c) is also satisfied.
We consider the if part. Let Λ be the linear system corresponding to the birational
embedding ϕ : X → P2. As in the proof of Proposition 1, it follows from condition
(b) that Λ is the smallest linear system containing the divisors
D, P1 +
∑
σ∈Gϕ(P1)
σ(P1), P3 +
∑
γ∈Gϕ(P3)
γ(P3),
where D := P1 +
∑
σ∈Gϕ(P1)
σ(P3) = P3 +
∑
γ∈Gϕ(P3)
γ(P1). By condition (a), di-
visors D and P1 +
∑
σ∈Gϕ(P1)
σ(P1) are invariant under the action of σ
∗. Since
P2 +
∑
τ∈Gϕ(P2)
τ(P2) ∈ Λ, by condition (c), it follows that σ
∗Λ = Λ. 
Proof of Corollary 1. We prove that conditions (a), (b) and (c) in Proposition 2
are satisfied. Since ϕ(P1) is a total inflection point, by [5, III.8.2], condition (a)
is satisfied. Condition (b) is satisfied by the assumption. Since ϕ(P3) is a total
inflection point, it follows from [5, III.8.2] that
P3 +
∑
γ∈Gϕ(P3)
γ(P3) = (|G3|+ 1)P3.
Therefore,
σ∗

P3 +
∑
γ∈Gϕ(P3)
γ(P3)

 = (|G2|+ 1)P2 = P2 +
∑
τ∈Gϕ(P2)
τ(P2).
Condition (c) is satisfied. 
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